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I develop here the microscopic quantum theory for description of creation of phonons and rotons
in superfluid helium by a solid heater. Starting with correct transfer Hamiltonian describing a
coupling between the solid and liquid 4He the probabilities of transformation of a single phonon in
the solid into i) single helium phonon, ii) two helium phonons, and iii) single helium roton are found
out. All the obtained expressions account for different polarizations of phonons in the solid. The
heat transfer associated with single phonon and single roton channels are calculated. Particularly,
the obtained expression for heat flux via the single phonon channel calculated in the framework
of present microscopic theory exactly coincides with the well known Khalatnikov formula obtained
initially in the framework of acoustic-mismatch theory. The impossibility of direct creation of R(−)
rotons becomes clear in the used framework due to accurate account of the boundary conditions at
the solid – liquid helium interface, which is in agreement with recent experimental results.
67.40.-w, 67.40.Pm, 68.08.-p, 05.30.Jp
I. INTRODUCTION
The elementary excitations in superfluid 4He have been the object of extensive study for many years. The phonon–
roton type excitation spectrum proposed phenomenologycally by Landau1 allows to account correctly for superfluid
properties and thermodynamic behaviour of liquid helium below the λ-transition temperature. The existence of such a
spectrum was demonstrated by the numerous direct observations of single excitations from inelastic neutron scattering.
In spite of many various attempts to built a completely microscopic theory to derive directly the thermal excitations
spectrum, the general picture drawn first by Landau1 and Feynman and Cohen2 had not changed essentially during
more than four decades.
Since we realized the general picture of elementary thermal excitations in bulk liquid helium, the natural problem
appeared: how to describe a heat flow across a boundary between a solid and liquid helium. All earlier investigations
of this process were concentrated on studying of a discontinuity in temperature appeared between the two materials3,
which is commonly known now as Kapitza resistance. The first consistent accurate theory of this effect was developed
by Khalatnikov4. He built his theory starting with quantizing of elastic waves of different polarizations in the solid.
But in general, the main results of Khalatnikov’s theory are completely consistent with classical acoustic–mismatch
theory due to Little5. The in-depth reviews of theoretical and experimental investigations of Kapitza resistance
problem are given by Challis6 and recently by Zinov’eva7. In their pure form all these theories show that transfer
of phonons from the solid to the liquid helium is impeded first due to a large difference in densities ρL/ρS ≪ 1 (ρL
and ρS is the densities of liquid helium and solid, respectively), and second due to the smallness of critical angle
sin θc = c/st ≪ 1, where c is the first sound velocity in helium and st is the velocity of transverse sound in solid. The
total internal reflection occurs when the angle of incidence exceeds this angle θc. Because of this the helium phonon
can propagate only into a narrow cone along the direction perpendicular to the interface.
According to the present understanding, solid can inject the phonons in two groups8. The first is phonons in the
narrow cone perpendicular to the solid heater surface, while the second group is phonons emitted into the entire half
space, these are the so-called background phonons. The existence of the first group is understood satisfactory from
acoustic–mismatch theories4–6. This mechanism was directly confirmed by experiments9 (see also Ref. 7). However
the existence of background phonons, which is evident from experiments on phonon emission from cleaved crystals9,10,
was not satisfactory explained theoretically until now in spite of many attempts11. In fact, all these theories were
devoted to various modifications of the acoustic–mismatch theory to account the imperfection of the interface and
some additional scattering mechanisms. As a result, only small corrections to the Khalatnikov theory were obtained.
All theoretical works cited above have been based on the classical acoustic theory and there was thus need for a
microscopic quantum mechanical description since 4He is a quantum liquid rather than a classical elastic fluid. There
were several attempts to build a quantum mechanical theory of solid–liquid helium heat transmission based on various
simplified models12, but the first really essential contribution to the subject has been done by Sheard, Bowley, and
Toombs13 (hereinafter is referred as SBT). In fact I present here the modification of this theory.
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The SBT theory is based on the description of coupling between the solid and the liquid 4He via a transfer
Hamiltonian in analogy with the theory of electron tunneling through a metal-insulator-metal junction. The main
insight of Ref. 13 consist in the expression of tunnel Hamiltonian through the displacement of the solid at the interface
and the stress tensor of liquid helium.
The main shortcoming of SBT theory is the clear internal asymmetry of their transfer Hamiltonian with respect to
solid and He II. Namely, as it follows from their theory, the solid acts on the helium, but there is no return action.
As a result the transfer coefficient for the single phonon channel (single solid phonon – single helium phonon) differs
from the result obtained by Khalatnikov4, which is correct for this process without any doubt. The authors of Ref.
13 have also roughly estimated the transfer coefficients for single solid phonon – two helium phonons (two phonons
process) and single solid phonon – single roton processes. As it will be shown below the more accurate computation
of these coefficients gives rather different results.
Calculation of probability for creation of rotons by a solid heater is called for by recent experiments of Exeter
group14, which obtained quite a number of very interesting results. Particularly, they concluded that creation of
the R(+) rotons (rotons with wave vector greater than corresponding to roton minimum k0 ≈ 1.92A˚) does not
essentially depend on the particular geometry of the heater, while the R(−) rotons (rotons with wave vector smaller
than corresponding to roton minimum k0 ≈ 1.92A˚) cannot be created by a simple flat heater at all. This observation
still requires the proper explanation.
I this paper I propose a microscopic quantum theory for creation of thermal excitations in superfluid 4He by a
heated solid. The starting point of the developed theory is the construction of more correct transfer Hamiltonian
to exploit further the main idea of SBT theory3. To test the developed theory I first consider the heat flow via the
single phonon channel with account of all phonon polarizations in a solid. The obtained expression for a heat flux
through the interface associated with this process coincides exactly with the well known Khalatnikov result4. This
direct support of the formalism allowed me to consider also the single roton emission process as well as to write down
the probabilities for emission of a phonon pair by a single phonon in the solid. Particularly, I argue that emission
of R(−) rotons is forbidden by the boundary conditions at the solid – He II interface, which is in agreement with
experimental observations14.
The paper is constructed as follows. The transfer Hamiltonian corresponding to solid – liquid helium interface is
constructed in Section II. In Section III I write down the tunnel Hamiltonians for the particular single excitation and
double excitations processes. The well-known Khalatnikov formula for a transfer of single solid phonon into single
phonon in helium is obtained from the general formalism in Section IV. Finally in Section V I study the creation of
rotons from a heated solid via the single excitation channel. The outlines and conclusions are given in Section VI.
II. SOLID–LIQUID COUPLING HAMILTONIAN
The whole system under consideration consists of the solid and the superfluid helium with a common boundary
between them. To study the excitations transmission processes through the interface we must pick up the part of
total Hamiltonian, which corresponds to the interface itself. Just this interface Hamiltonian represents the coupling
between two media.
Let ψˆ†(r) and ψˆ(r) be the field operators (creation and annihilation operators in Scro¨dinger representation) in
helium. Here r is the coordinate of Lagrange point in superfluid helium. Suppose that thermal perturbation lead to
the displacement of some atom in solid with equilibrium coordinate Rn by vector un. In the frame of pair interaction
approximation we can write the deviation of a total Hamiltonian from the equilibrium one in the following form:
Hˆint =
∫
ΩL
ψˆ†(r)
∑
n
Uˆint (|Rn + un − r− δr|) ψˆ(r)d3r, (1)
where ΩL is the volume of the helium, Uˆint is the potential of interaction between a physical point of helium with
a volume element in solid. This potential behaves like a single-particle operator when act on the creation and
annihilation operators in helium. The quantity δr in eq. (1) stands for the physical point displacement in helium due
to the perturbation un in solid. It is connected with the density fluctuations in helium by the relation
δn(r) = n(r) − n0 = ∂n
∂r
δr. (2)
Let us assume the interface to be a plane perpendicular to zth direction as is shown in Fig. 1. Supposing the
displacements u and δr to be small, we can rewrite expression (1) up to the first order in these perturbations as
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Hˆint =
∫
ΩL
d3rn(r)U0(r) +
∫
ΩL
d3ruz(x, y, 0)f
(SL)
z (r) −
∫
ΩL
d3rδrz(x, y, 0)f
(LS)
z (r), (3)
where
f (SL)(r) = ψˆ†(r)
∑
n
∇RnUˆint(Rn − r)ψˆ(r), (4)
f (LS)(r) = ψˆ†(r)∇r
∑
n
Uˆint(Rn − r)ψˆ(r) (5)
are the forces per unit volume of liquid helium and solid, respectively, and
U0(r) =
∑
n
Uˆint(Rn − r).
In the expression (3) we take the quantities uz(x, y, 0) and δrz(x, y, 0) at the plane z = Z = 0 because of assumed
short–range interaction. The first term in eq. (3) corresponds to a static interaction and does not depend on the
local spatial perturbations. Thus, it naturally should be included to the equilibrium Hamiltonian. To transform
remaining two terms we have to account correctly the boundary conditions at the interface. First, require the normal
components of displacements in solid and liquid helium at the surface to be equal
uz(x, y, 0) = δrz(x, y, 0). (6)
Second, the total work done must be zero. This requirement can be expressed mathematically as∫
dzf (SL)z (x, y, z) +
∫
dZf (LS)z (X,Y, Z) = 0. (7)
Using the relations (6) and (7) we can express the interaction Hamiltonian (3) in the following simple form
Hˆint = 2
∫
ΩL
d3ruz(x, y, 0)f
(SL)
z (r). (8)
Note, the interaction Hamiltonian (8) obtained here differs from SBT Hamiltonian13 by the factor 2. This difference
follows from incorrect account of mutual influence of solid and liquid helium by the authors of Ref. 13. They have
accounted only the perturbation in the solid, which leads to an incident excitation. But as it can be seen from the
expression (1) above, the account of corresponding perturbation in helium leads to a return response, which doubles
the interaction Hamiltonian in view of the boundary conditions (6) and (7).
Using the relation
∇RnUˆint(Rn − r) = −∇rUˆint(r −Rn)
and the expression (4) for f (SL) we can get the following relation
f (SL)z (x, y, z) ≈ −n(r)
dU0
dz
, (9)
where n(r) is the number density of helium atoms. Now we come to the first essential approximation. Let us choose
U0(z) in the form of repulsive potential step at the solid–liquid interface
U0(z) =
{
V0 (z < 0)
0 (z > 0)
, (10)
where V0 = const > 0. Below I will use the method of elimination of the force (9) from Hamiltonian (8) proposed by
SBT13. Due to their insight the height V0 of the step (10) is not crucial. Note, the combination −n(r)(dU0/dz) is the
external force density exerted on the liquid helium by the solid. The hydrodynamic equation of motion looks
∂jk
∂t
+
∂pikl
∂xl
= f
(SL)
k , (11)
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where j is the momentum density of liquid helium, pikl is the fluid stress tensor. On the other hand the quantum
mechanical equation for evolution of operator j (Heisenberg equation) gives
i
h¯
[
jz, HˆL
]
= n(r)
dU0
dz
+
∂pizl
∂xl
, (12)
where HˆL is the Hamiltonian of liquid helium. Following Ref. 13 let us integrate equation (12) in the interval
z ∈ {−ε,+ε}, where ε is of the order of distance over which an average helium density decays from its bulk value to
zero inside the potential step. In fact, I will put finally ε → 0, which is consistent with our choice of the potential
(10). Since the momentum density j remains finite the integral over the left hand side of eq. (12) behaves like o(z)
and therefore can be neglected. The derivatives of all components of vector pizl except ∂pizz/∂z are finite as well. So,
we get
−
+ε∫
−ε
n(r)
dU0
dz
dz = pizz
∣∣∣
z=ε
−pizz
∣∣∣
z=−ε
= pizz(x, y, 0). (13)
Finally, using the formulae (8), (9), and (13) we can write the interaction Hamiltonian in the form
Hˆint = 2
∫
Σ
uz(x, y, 0)pizz(x, y, 0)dxdy, (14)
where Σ is the area of solid-liquid interface. Formula (14) represents the interaction Hamiltonian, expressed through
the solid displacement at the surface and diagonal component of liquid stress tensor. Now it should be represented
in terms of collective variables, which allow to carry out second quantization in the simplest way. It is naturally to
present pizz as a sum of kinetic and potential parts as follows
pizz = pi
(kin)
zz + pi
(pot)
zz . (15)
The explicit forms of pi
(kin)
zz and pi
(pot)
zz are derived in Ref. 13 using the semi–microscopic theory of superfluids developed
by Sunakawa et. al.15. Thus, in our notations the kinetic part of (15) takes the form
pi(kin)zz = mnv
2
z +
h¯2
2m
(
∂n
∂z
n−1
∂n
∂z
− ∂
2n
∂z2
)
−
∑
k
h¯2k2z
2mΩL
, (16)
where m is the mass of helium atom, n is the number density operator, which stands for the first collective variable,
vz is zth component of the velocity operator, which stands for the second collective variable, k is the wave vector of
excitation in liquid helium.
The potential part of (15) can be obtained from the equation of motion, which leads to the relation
∑
k
∂pi
(pot)
zz
∂xk
= ψˆ†(r)
{∫
d3r′ψˆ†(r′)V (r− r′)ψˆ(r′)
}
ψˆ(r), (17)
where V (r− r′) is the inter-atomic potential in helium. In fact the equation (17) implies the pair interaction, which
strictly speaking is inappropriate for the liquid helium. We however will eliminate it from all final relations by the
use of semi-phenomenological notations associated with superfluid helium. The detailed derivation of pi
(pot)
zz from eq.
(17) can be found in Ref. 13.
In terms of Fourier transforms defined by v =
∑
k vk exp(ikr) and n =
∑
k nk exp(−ikr) the kinetic and potential
parts of zth diagonal element of the stress tensor up to the second order in collective variables look
pi(kin)zz =
∑
k,k′
{
ρLv−kzv−k′z − h¯
2kzk
′
z
4ρL
nkznk′z
}
e−i(k+k
′)r
+
h¯2
4m
∑
k
k2znke
−ikr −
∑
k
h¯2k2z
2mΩL
, (18)
pi(pot)zz =
∑
k,p
p 6=0
np−knkV (k)
kz
pz
e−ipr (19)
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where V (k) is the Fourier transform of interatomic interaction potential in helium, which will be expressed below
in terms of excitation spectrum of superfluid helium. Above we have used only two essential approximations: the
step shape of potential (10) and the pair interaction between helium atoms which results in the expression (19). The
first approximation can be naturally justified in view of smallness of boundary inhomogeneity domain, which is of
the order of interatomic distances16. To avoid the explicit use of the second approximation I will act as follows. The
most general approach to the problem of low lying energy levels in superfluids lead to the following form of excitation
spectrum17
h¯ωk =
h¯2k2
2mΛk
, (20)
where h¯ωk is the energy of excitation with momentum h¯k, Λk is the structure factor of superfluid helium. Within the
framework of microscopic theory15 using the approximation of pair interaction this structure factor takes the form
Λk =
{
1 + 4
ρLV (k)
h¯2k2
}−1/2
. (21)
This particularly means that if we know the correct excitation spectrum of superfluid helium, say from experiment,
then the quantity V (k) can be unambiguously expressed through the parameters of this spectrum. Namely
V (k) =
1
ρL
(
m2ω2k
k2
− 1
4
h¯2k2
)
, (22)
where the analytic form of ωk depends on particular range of wave vectors. In this manner the problem becomes
self-consistent.
The Fourier transforms of collective variables can now be written in the second quantized form18
n−k = −i
(
ρLΛk
mΩL
)1/2 (
aˆk − aˆ†−k
)
= −i h¯k
m
(
ρL
2h¯ωkΩL
)1/2 (
aˆk − aˆ†−k
)
. (23)
vk = − i
2
h¯k√
mρLΩLΛk
(
aˆk + aˆ
†
−k
)
= −i
(
h¯ωk
2ρLΩL
)1/2
k
k
(
aˆk + aˆ
†
−k
)
. (24)
where aˆ†k and aˆk are the creation and annihilation operators of elementary excitation in liquid helium with momentum
h¯k and energy ωk.
Now we must write down the zth component of lattice displacement in the solid in terms of creation bˆ†qα and
annihilation bˆqα operators for solid phonons. Here qα is the wave vector of solid phonon with αth polarization.
Taking into account the longitudinal and transverse polarizations of bulk phonons and surface phonons we can write
uz(R) =
(
h¯
2ρSΩS
)1/2{∑
ql
Bl(θ)
ω
1/2
ql
(
bˆql − bˆ†−ql
)
eiqlR +
∑
qt
Bt(θ)
ω
1/2
qt
(
bˆqt − bˆ†−qt
)
eiqtR
+
(
ΩS
Σ
)1/2∑
qs
Bs(qs)
ω
1/2
qs
(
bˆqs − bˆ†−qs
)
eiqsr‖
}
, (25)
where ρS and ΩS are the mass density and volume of the solid, respectively, ωqα is the frequency of αth phonon
mode, qs is the two-dimensional wave vector of surface phonon, r‖ = R‖ is the parallel component of vector r (or R)
at z = Z = 0. The angular amplitudes Bα(θ) can be determined as
4
Bl(θ) =
2s2l cos θ0 cos 2θt
s2t sin 2θt sin 2θ0 + s
2
l cos
2 2θt
, (26)
Bt(θ) =
2s2t cos θ0 sin 2θl
s2t sin 2θl sin 2θ0 + s
2
l cos
2 2θ0
, (27)
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Bs(qs) =
q2s − κ2t
2qs
g−1/2, (28)
g =
q2s + κ
2
t
2κt
+
q2s + κ
2
t
2κl
κt
κl
− q
2
s + κ
2
t
κl
(29)
κα = ωqα
√
c−2 − s−2α , (α = l, t). (30)
Here c is the velocity of first sound in superfluid helium, sl and st are the velocities of longitudinal and transverse
sounds in the solid, θ0 and θα are the incidence and reflection angles.
In fact, the formulae (14), (18)–(21), and (25) give us the sought transfer Hamiltonian in second quantized form,
which describes the transmission of elementary excitations from the solid to superfluid helium.
Note, the resulting Hamiltonian contains the terms associated with creation or annihilation of single excitation as
well as pair of excitations in helium, while it is only linear in creation and annihilation operators of phonons in the
solid. This asymmetry is of course the shortcoming of our method. It can be avoided if we take into account the third
order anharmonisms in the solid. However I am not concerned with this problem here because the main goal of the
present paper is to describe the transmission of excitations from heated solid to the liquid helium at the temperatures
closed to zero, which is consistent with real experimental situation14. Under such conditions the contribution of single
solid phonon annihilation is expected to dominate.
III. TRANSFER HAMILTONIANS FOR PARTICULAR PROCESSES
In this Section I write down the Hamiltonians for particular transfer processes: solid phonon⇔ single liquid phonon
(single phonon emission), solid phonon ⇔ two liquid phonons (two phonons emission), solid phonon ⇔ single liquid
roton (single roton emission).
A. Single phonon emission
To obtain the transfer Hamiltonian corresponding to the tunneling of a single phonon from the solid to the liquid
helium and vice versa (i.e. to the processes q↔ k) we must retain in the expressions (18) and (19) only liner terms
with respect to helium collective variable. In this case we get
pi(1ph)zz =
∑
k
(
h¯2k2z
4m
+
NV (k)
ΩL
)
n−ke
ikr, (31)
where I have used n0 = N/ΩL, N is the total number of helium atoms. In the case of helium phonons ωk = ck. Thus
the relation (22) yields
V (k) =
ΩL
N
(
mc2 − h¯
2k2
4m
)
≈ ΩL
N
mc2, (32)
where I have neglected the term quadratic in wave vector. The same approximation can be done in the first term
of eq. (31). In fact, without these approximations one can see that after substitution of eq. (32) into eq. (31) both
small terms give even smaller one ∼ (k2 − k2z), because k ∼ kz in the process of interest. So, using the relations (32)
and (31) we come to
pi(1ph)zz = mc
2
∑
k
n−ke
ikr. (33)
Substituting eqs. (25) and (33) into eq. (14) and integrating over the interface area Σ we obtain the transfer
Hamiltonian for the single phonon channel in the following form
6
Hˆ(1ph)int = iΣch¯
(
ρL
ρSΩSΩL
)1/2{∑
k,ql
Bl(θ)
(
ωk
ωql
)1/2 (
aˆkbˆ
†
ql
− aˆ†kbˆql
)
δk‖,ql‖
+
∑
k,qt
Bt(θ)
(
ωk
ωqt
)1/2 (
aˆkbˆ
†
qt
− aˆ†kbˆqt
)
δk‖,qt‖
+
(
ΩS
Σ
)1/2 ∑
k,qs
Bs(qs)
(
ωk
ωqs
)1/2 (
aˆkbˆ
†
qs
− aˆ†kbˆqs
)
δk‖,qs
}
. (34)
This formula will be used in Section IV for deriving the Khalatnikov formula for heat flow via the single phonon
channel.
B. Two phonons emission
The obtained formulae (14), (18), and (19) allow us to study also the processes of emission of two helium phonons
from single phonon in the solid. For this purpose let us retain in eqs. (18) and (19) only the terms quadratic in
collective variables of liquid helium. This leads to the following expression for stress tensor
pi(2ph)zz (r) =
∑
k,k′
{
ρLvkzvk′z +
V (k)kz
kz + k′z
n−kn−k′
}
ei(k+k
′)r, (35)
which gives the transfer Hamiltonian for the two phonons processes under consideration in the form
Hˆ(2ph)int =
2h¯Σ
ΩL
(
h¯
2ρSΩS
)1/2{ ∑
k,k′,ql
Bl(θ)
(
ωkωk′
ωql
)1/2
Ξ(k,k′,ql)
+
∑
k,k′,qt
Bt(θ)
(
ωkωk′
ωqt
)1/2
Ξ(k,k′,qt)
+
(
ΩS
Σ
)1/2 ∑
k,k′,qs
Bs(qs)
(
ωkωk′
ωqs
)1/2
Ξ(k,k′,qs)
}
. (36)
Here I have introduced the functions
Ξ(k,k′,qα) = J1(qα,k|k′)δqα‖+k‖,k′‖ − J2(qα|k,k
′)δqα‖,k‖+k′‖ , (37)
where
J1(qα,k|k′) =
(
1
2
+
kzk
′
z
kk′
)(
bˆqα aˆkaˆ
†
k′ + bˆ
†
qα
aˆ†kaˆk′
)
, (38)
J2(qα|k,k′) = 1
2
(
kzk
′
z
kk′
+
kz
kz + k′z
)(
bˆqα aˆ
†
kaˆ
†
k′ + bˆ
†
qα
aˆkaˆk′
)
. (39)
Formulae (36) – (39) provide a possibility to study the energy transfer through the solid – liquid helium interface
without conservation of number of quasiparticles. In this case there is no strong restriction on the angles for created
phonons. Therefore such processes can lead to the isotropic background, which has been observed in experiments on
phonon emission from cleaved crystals9,10. This problem will be considered in detail in another paper.
C. Single roton emission
To obtain the tunnel Hamiltonian, which corresponds to creation of a single roton in He II by a solid phonon, we
can again use the relation (31) with account of eq. (22). In this case we however cannot neglect the terms quadratic
in wave vectors. Note, the frequency ωk in (31) represents now the roton spectrum, whose analytic form depends on
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the chosen concrete model. Here I do not distinguish the R(−) and R(+) rotons. This problem will be considered in
detail in Section V.
Substituting eq. (22) into eq. (31) we get
pi(1R)zz (r) =
∑
k
{
mω2k
k2
+
h¯2(k2z − k2)
4m
}
n−ke
ikr. (40)
Finally the corresponding transfer Hamiltonian takes the form
Hˆ(1R)int =
iΣh¯
2m
(
ρL
ρSΩSΩL
)1/2{∑
k,ql
Bl(θ)F(k)k
(ωkωql)
1/2
(
aˆkbˆ
†
ql
− aˆ†kbˆql
)
δk‖,ql‖
+
∑
k,qt
Bt(θ)F(k)k
(ωkωqt)
1/2
(
aˆkbˆ
†
qt
− aˆ†
k
bˆqt
)
δk‖,qt‖
+
(
ΩS
Σ
)1/2∑
k,qs
Bs(qs)F(k)k
(ωkωqs)
1/2
(
aˆkbˆ
†
qs
− aˆ†kbˆqs
)
δk‖,qs
}
, (41)
where
F(k) =
{
mω2k
k2
+
h¯2(k2z − k2)
4m
}
. (42)
In Section V I will use the Hamiltonian (41) for derivation of energy flux through the interface via the single roton
channel.
As the curtain fell of this section it should be noted that using the general formulae (18) and (19) we could study
also various inelastic processes with rotons, e.g. solid phonon ⇔ two rotons, solid phonon ⇔ roton + phonon in
helium, and scattering of roton on the surface with creation of a phonon in the solid.
IV. SINGLE PHONON EMISSION. DERIVATION OF THE KHALATNIKOV FORMULA
Any new theory claiming to describe the emission of elementary excitations from the solid to the superfluid helium
should first be tested on the basic result obtained by Khalatnikov for a heat flow via the single phonon channel4.
Really, this latter result was derived within appropriate framework, and is in excellent agreement with the experimental
observations9,7.
To calculate the energy flux through the solid–liquid interface via single phonon channel we must first calculate the
probability density function defined by the usual relation
W (1ph) =
2pi
Σh¯2
∣∣∣M(1ph)q↔k ∣∣∣2 δ(ωq − ωk), (43)
where M(1ph)q↔k = 〈q|Hˆ(1ph)int |k〉 is the corresponding matrix element of the transfer Hamiltonian given by eq. (34).
Substituting (34) into (43) we easily get
W (1ph) = (2pi)3
{
A(1ph)l δ(k‖ − ql‖) +A(1ph)t δ(k‖ − qt‖) +A(1ph)s δ(k‖ − qs)
}
δ(ωq − ωk), (44)
where the coefficients Aα are defined by the relations
A(1ph)l =
ωk
ωql
ρLc
2
ρSΩLΩS
B2l (θ), A(1ph)t =
ωk
ωqt
ρLc
2
ρSΩLΩS
B2t (θ), A(1ph)s =
ωk
ωqs
ρLc
2
ρSΩLΣ
B2s (qs).
To obtain formula (44) I have done the transition from discrete to continuous wave vectors:
δk‖,qα‖ −→
(2pi)2
Σ
δ(k‖ − qα‖).
The probability of creation of phonon with group velocity
8
c ≈ ωk
k
k
k
(45)
near the surface element dΣ ‖ ez (ez is the unit vector along zth direction) is given by
W (1ph)h¯ωkn(TS)
(c · dΣ)
c
≈W (1ph)h¯ωkn(TS)dΣ, (46)
where n(TS) = [exp(h¯ωqα/kbTS)− 1]−1 is the equilibrium distribution function of phonons in the solid, TS is the
temperature of the solid. Thus, the heat flux from solid to liquid helium per unit area can be written as follows
Q
(1ph)
S→L = (2pi)
3
{∫
Alh¯ωkn(TS)δ(k‖ − ql‖)δ(ωql − ωk)
ΩLd
3k
(2pi)3
ΩSd
3ql
(2pi)3
+
∫
Ath¯ωkn(TS)δ(k‖ − qt‖)δ(ωqt − ωk)
ΩLd
3k
(2pi)3
ΩSd
3qt
(2pi)3
+
∫
Ash¯ωkn(TS)δ(k‖ − qs)δ(ωqs − ωk)
ΩLd
3k
(2pi)3
Σd2qs
(2pi)2
}
. (47)
Delta functions of the type δ(k‖ − qα) take away integrations over k‖. Delta functions δ(ωqα − ωk) can be excluded
by the integration over kz (note, kz ≈ k). After these straightforward calculations the integrals over the energies and
over angles can be separated, so that the final result takes the form
Q
(1ph)
S→L =
4pih¯
(2pi)3
ρLc
ρS
F (η)
s3t
∞∫
0
ω3dω
exp
(
h¯ω
kbTS
)
− 1
=
pi2
30
ρLc
h¯3ρSs3t
(kbTS)
4F (η), (48)
where F (η) is the function of η = sl/st written down in Ref. 4. The formula (48) exactly coincides with the well
known Khalatnikov result4 derived initially in the framework of acoustic mismatch theory. Note, the total heat flux
between the solid and liquid helium is given by the difference
J (1ph) = Q
(1ph)
S→L −Q(1ph)L→S , (49)
where Q
(1ph)
L→S can be found in the similar way. Finally it is given by the same formula as (48) up to the replacement
TS −→ TL, where TL is the temperature of liquid helium.
V. ROTONS EMISSION
The novel techniques developed during last decade provide a possibility to produce and unambiguously detect by
quantum evaporation processes both the R(−) rotons (k < k0) and the R
(+) rotons (k > k0). However, it was realized
that simple flat metal films produce easily measurable evaporation signals due to R(+) rotons20, but no signal from
R(−) rotons has ever been identified from such sources. To produce R(−) rotons two types of sources have been
developed21,22 , which are based on trapping of the emitted R(+) rotons to enable R(−) rotons to be created by
interactions in nonequilibrium gas of excitations. Furthermore, Tucker and Wyatt reported22 about creation of fast
enough pulsed source of R(−) rotons suitable for time of flight measurements.
Let us at first demonstrate the impossibility of direct emission of R(−) rotons from a solid, and, secondly, to describe
the process of R(+) rotons emission.
A. R(−) rotons
It is easy to see that R(−) rotons and R(+) rotons are not principally distinguished neither in the stress tensor
(40) nor in the corresponding transfer Hamiltonian (41). Really the probability of R(−) roton emission seems to be
nonzero if the energy and parallel component of momentum are conserved. This is just the case in the emission of
real particles, say quantum evaporation23. But quasiparticles in media are the collective excitations, which originated
from local spatial perturbations. In this case the conservation laws at the surface should be obtained directly from the
boundary conditions. In fact, the boundary conditions (6) and (7) just led us to the interaction Hamiltonian (8) we
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have used. But the reversed conditions (which are clearly absurd) will necessarily give the same expression (8)! This
means that for accurate use of this interaction Hamiltonian we must always keep in mind at least one of the boundary
conditions, say (6) (the second condition (7) is automatically satisfied as long as we use the transfer Hamiltonian (8)).
In original SBT theory13 there were no boundary conditions at all. This is the reason why the problem of R(−) rotons
creation even did not appear in Ref. 13.
Let me now analyze the first boundary condition (6). In view of the expression (24) the normal component of
displacement δrz(x, y, 0) at the surface can be written as follows
24
δrz(x, y, 0) =
(
h¯
2ρLΩL
)1/2∑
k
ω
−1/2
k
kz
k
(
aˆk − aˆ†−k
)
eik‖r‖ , (50)
while retaining for simplicity one polarization, say longitudinal, eq. (25) at the interface can be rewritten in the
analogous form:
uz(x, y, 0) =
(
h¯
2ρSΩS
)1/2∑
q
ω−1/2q
qz
q
(
bˆq − bˆ†−q
)
eiq‖R‖ . (51)
The right hand sides of eqs. (50) and (51) can be equal only if all their matrix elements in arbitrary basis are equal.
Just this requirement leads to the conservation of the component of momentum parallel to the interface. But this can
only occur if the coefficients at exponents in eqs. (50) and (51) have the same sign!
The detectable quasiparticle propagating into He II must have the positive zth component of group velocity. As is
known momentum of R(−) rotons is oppositely directed to their group velocity. This results in impossibility to satisfy
the boundary condition (6) in view of eqs. (50) and (51).
B. R(+) rotons emission
Let us now concentrate our attention in the processes of R(+) rotons emission. In analogy with the previous section
we can calculate the probability density function for single roton creation as
W (1R) =
2pi
Σh¯2
∣∣∣M(1R)q↔k∣∣∣2 δ(ωq − ωk)
= (2pi)3
{
A(1R)l δ(k‖ − ql‖) +A(1R)t δ(k‖ − qt‖) +A(1R)s δ(k‖ − qs)
}
δ(ωq − ωk), (52)
where k denotes now the roton wave vector, ωk is its energy. The coefficients A(1R)l are determined by the relations
A(1R)l =
ρL
ρSΩLΩS
k2
4m2
B2l (θ)F
2(k)
ωkωql
, A(1R)t =
ρL
ρSΩLΩS
k2
4m2
B2t (θ)F
2(k)
ωkωqt
,
A(1R)s =
ρL
ρSΩLΣ
k2
4m2
B2s (qs)F
2(k)
ωkωqs
.
The probability of creation of roton with energy h¯ωk and group velocity
vr =
∂ωk
∂k
near the surface element dΣ ‖ ez is equal to
W (1R)h¯ωkn(TS)
(vr · dΣ)
vr
=W (1R)h¯ωkn(TS) cos θdΣ, (53)
where cos θ = vr · ez. Therefore, the energy flux per unit area associated with single roton channel takes the form
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Q
(1R)
S→L = (2pi)
3
{∫
A(1R)l h¯ωk cos θn(TS)δ(k‖ − ql‖)δ(ωql − ωk)
ΩLd
3k
(2pi)3
ΩSd
3ql
(2pi)3
+
∫
A(1R)t h¯ωk cos θn(TS)δ(k‖ − qt‖)δ(ωqt − ωk)
ΩLd
3k
(2pi)3
ΩSd
3qt
(2pi)3
+
∫
A(1R)s h¯ωk cos θn(TS)δ(k‖ − qs)δ(ωqs − ωk)
ΩLd
3k
(2pi)3
Σd2qs
(2pi)2
}
. (54)
In principle the partial integrations in eq. (54) can give the spectral and angular distributions of emitted rotons. Here
I calculate the total energy yield from single roton channel. The account of all phonon polarizations in the solid can
only give the multiplier similar to F (η) appeared in eq. (48). This multiplier is of the order of unity for majority
of solids. The account of all polarizations can have an essential influence only on the angular distribution. So, to
calculate the total energy flux let us restrict ourselves to one polarization, say longitudinal one. Further I drop all
the polarization subscripts. Thus, the energy flux of interest looks
Q
(1R)
S→L =
h¯ρL
4(2pi)3m2ρS
∫
k2ωqω
−2
k cos θ
exp
(
h¯ωq
kbTS
)
− 1
{
mω2k
k2
+
h¯2
(
k2z − k2
)
4m
}2
×δ(q‖ − k‖)δ(ωq − ωk)n(TS)d3kd3q. (55)
After the straightforward, but quite cumbersome calculations eq. (55) can be reduced to the single integral. Let me
write down here the spectral distribution for rotons emission:
dQ
(1R)
S→L
dk
=
ρLh¯
5
120(2pi)2m4s7ρS
k2ω5k
exp
(
h¯ωk
kbTS
)
− 1
{
1− 10m
2s2
h¯2k2
+ 30
m4s4
h¯4k4
}
, (56)
To obtain the total energy flux via the single roton channel Q
(1R)
S→L, the relation (56) should be integrated over k in the
range {k0, kmax}, where kmax is the maximum roton wave vector. Note again that the formula (56) gives the energy
flux in the case TL = 0. In general, Q
(1R)
L→S can be calculated in the same way.
To make a numerical analysis of the obtained results we must choose the particular analytic expression for roton
spectrum in He II. Precise numerical calculations require of course the analytic expression most closed to a reality.
But to draw the general picture I will use here the classical Landau expression1
h¯ωk = ∆+
h¯2(k − k0)2
2µ
(57)
where ∆ ≈ 8.6 K, k0 ≈ 1.9 · 108 cm−1, µ ≈ 0.13mHe4 ≈ 0.868 · 10−24 g.
Figure 2 presents the spectral distribution of roton emission calculated from (56) for gold. Figure clearly shows
that the maximum at k > k0 appears when temperature of the solid exceed 2 K. Integrating eq. (56) over R
(+)
rotons momenta we get the total energy flux. The ratio of this flux associated with the single roton processes and
that corresponding to the single phonon processes given by eq. (48) is shown in Figure 2 as a function of temperature
of the solid (again gold). Previously SBT13 had also estimated the contribution of single roton emission processes
into the total energy transmission through the solid – liquid helium interface. They, however, considered the case
of small differences between TS and TL. Corresponding formulae can be easily obtained from eqs. (56) and (48) by
differentiation with respect to a temperature and subsequent integration over roton and phonon momenta, respectively.
The corresponding ratio is shown in Figure 3 together with SBT result. The estimation by SBT13 gives the ratio
approximately three times larger for TS = 2 K. This difference is caused by the approximations done in Ref. 13.
Particularly the authors had taken kz ≈ k, which is far from reality for rotons. Additionally they included R(−)
rotons in their calculations, which is incorrect as I show in the previous subsection. But one can see from Fig. 3 that
their rough estimation nevertheless show right qualitative behaviour of the energy flux due to roton emission.
VI. CONCLUSIONS
I studied the emission of elementary excitations into liquid helium II from a heated solid. For this process I
developed the new microscopic quantum theory generalizing the previous theory13. To describe the coupling between
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the solid and He II the correct expression for the interface Hamiltonian (8) has been derived. This expression follows
from the general principles of quantum mechanics with account of boundary conditions at solid–liquid interface (6)
and (7). Following the ideas of Ref. 13 and using the microscopic description of superfluid helium15 the transfer
Hamiltonian (8) has been expressed in terms of creation and annihilation operators of elementary excitations in the
solid and helium II. The transfer Hamiltonians are explicitly written down for i) single phonon emission (34), ii) two
phonons emission (36), and iii) single roton emission (41). The heat flux trough the interface associated with the
single phonon channel is calculated by the use of the derived microscopic expression (34). The obtained formula (48)
exactly coincides with the corresponding result obtained by Khalatnikov4 using the acoustic-mismatch approach. The
heat flux associated with the single R(+) roton channel (see formulas (55) and (56)) has been calculated as well. It is
shown that the boundary conditions (6) and (7) forbid the emission of R(−) rotons by a solid. This latter result is in
accordance with experimental observations.
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FIG. 1. Geometry of the problem
FIG. 2. Spectral distribution of roton emission into He II from golden heater calculated by eq. (56)
FIG. 3. Ratio of energy flux associated with the single roton channel and that corresponding to the single phonon (Khalat-
nikov) channel in case TL = 0
FIG. 4. Ratio of energy flux associated with the single roton channel and that corresponding to the single phonon (Khalat-
nikov) channel in case TL ∼ TS. Corresponding result of SBT
13 is presented by the broken curve
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